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The FRI Protocol subgrovp of ¥ whose

size is o power of 2

d
Recall the FRI protocel to test proximity o RS[\F,L,d]={¥:L—>H7:deg(f)<d}:

P((FL,d),5) f:loF V((FL,d))

()
o€ IF T nteraction randomness: oo,oly, .., oy & T ]Co A

= Fold ('FoIO(o)
Fl 2 {:.;L’“-afF Cor\S'\SfQ"C)’ checK randomness: My Me <L -fu ( P\l)

el For each repefition jeltl:
- E ! A
go— FOld ('Fj /«l) ‘FZ:LAQH: -V ‘e {o | r,l} Fl (}? )
—_— 11 . . ' :
f (@) LROS) ) |y £08) -FER) -
S L s s st v b ("
Fr:': Fold (-Fr_./o(r_J of ) ) Mi F-1 M
F,:L-éﬂ:i Low-degree check: [, € RS[F,LZ, d/ar].

We prove that the Soundness error is < O(:—%)+(\- min{&, C(,—fj)})t.

theorem: T Fo:L~>F is §for from RS[FL,d]={§:LoF: deg(f)cd} then

¥p 7 [ & <§,VF(EZ,")>=I s (1-minf{&c(d) t}; |- 21t
o(o,...to(‘._‘eﬂ: p-pel. [ M ] ( { ;€ |l | }) IF]

query pattern for ,46L

'Po (—]V\)

F\ (‘)"‘z)

constant that depends on the mate . ¢:= %



Soundness Analysis: Notations

For nototional Simplici’ry: - i

) 2! _ | Y 2
L\ = | , dii—d/?. , MEE S
The rare js the same in each round's RS code:

d_i': Cﬁ = d/Z‘ = Cl =
TR R
di-i

The (relative) distance between any two codewords in RS[ IF,Li,d'.] S 2 I—m-l g+ 1-¢.

Fix fo:L>F and o prover P.
The prover P is specified by functions {fi:Li=F}, . with ki depending on do,..,sw €
Distance ”by cosets given g,h: Li~>F,

Algh) = [{ael l%‘“’*l“““: ox glayrhtalf| [Note that Algh)> Algh).]
Li

We Keep track of distances for eadn round i€ {o, 0,1,..,r r}:
& : A({»‘. , RS[F Li,di] ) < Praction of cosets {-aa} o change for degret <d;
We denote by J;.' 0 polynomial of deqree <d; closest to fi:;-F (as measured by A).



Soundness Analysis: Distortion

[ WV S

We saw infuition FD\— how random {-'o\d\na presSecves dittance w\,\P; Q W] §= 10"

h Sz (o7,

We Jformalize Hhis intuition . grah 1 Gk o) dew
(\'e.sv\a\—)
. ; = fF ntwise
def: For £:L ond de (o) printwise

Deop (4,6 ) = ot eF | A[ T ) WEEAD )

blocKwise
eme Fix fiL2F and st §2 ALRSIELAY.  p= L (rate)
M 8< l:f Hen _zc[o(eJ?rop(rf,S}]s ILIA\F' 8*(;>)'— -p
. . s
® if §7kp thn ke STe)]e W
The F\'O‘oo\lo'\“‘l')o Hal- distortion happans in the FRT protucol is:
-\ ”lL‘ -@”')L’:'. ézil;,-
o<,. [Le Oy A‘GDWH Yh|l\{6| m)}ﬂ TS 2 I IFI

\/\/c_ faKe a union bound On H\\s ond hencelocth assume that ne distortion happans.

When o, dy, Qive o d|s+0r+uov\, We wish 10 prove Hat ,f\z.\—[\'v.jgdr]z min { So, oastasts |.



Soundness Analysis: Two Cases

ine_v\ Hhat no distertion ko\rrensl
how tan a4 ProVQr attack the FRT ‘:ro+oCo|7.

N

Ko.y dedintions for analysic: it &< ‘:}_ﬁ then fi is unique
N A ond So Noise; 1% wo.\\ade{:mzd
Noise,; := {O\QL-. fila) ¢ {ifa) or fi(-a) # {‘;(—a?}
(for Ag {o,\,...,\'-\'k)

Faliz= Laels | finlo?) 4 Fold(fo6)(6") ]
O The L Y S+r0d'¢37.
Il\{:om\o\\\)// {-\u,.../fr are close to RS and such Hhat FOH(‘Fo/ o) 2 ‘:“/,“/Rld(-ﬁ."’a(m)‘é {'\r.
W prove Het ﬁr[\'l\'\u\‘] > | Neiseol do. (No’rt that  [Noisei| _ A(8E) A(F;,RS[IF,L;,A-.}LS-‘_)

ILol |Ll
® The v ! &H‘o\hay,

. A N
IV\QQ\’N\O«“)'/ 3 (maximal) 1€ CZO,I/...,\‘A} sit. % IS {:or {lrom RS or Fold (‘;‘/ b(.‘)_:rl- Q’m ]

WQ_, P\-QW -\-l\o&' /%[RSQ'C\-]Z lNoiSQi-n" Fa\l '\-\-ll 2 min{l:ﬁ, J’qﬂ)}.
I Linl z



Soundness Analysis: Case 1 [1/2]

/

Suppose, thot P odopts o N strateqy,
TF\M’]S, He interaction randomness o, ok, o i € F IS SuCh Hhat
® A @ A

go,gl, ~evy 8[_\ < ‘_:7_£ (gﬁo a\wa)(s) FO\A(‘YO/ °<°)-= {:‘ /m/ﬁu ('rr,l,xla)a {'\(
lemma: £ veject) 7 |Noisedl 5 &6 (Reml\: Noise =={Q€|—'-|Qi(°‘)*§(a)9£ %('ﬂ\*ﬁ("‘?}')
/M Il

proof:  Suppose Lo that fo is 0 on Lo (T not, subfract & Crom L. )

87 @,—'[:, is 0 on Luf,_ iS DOI\LQ/.../',‘?( is Oon L.

Also, ,C,_:L,ﬁﬂ: is 0 becavse 6.0 and so {:‘.=-’F\JL‘_=O.

Fix moe Noiseo Lo (which determines m,.., . ).

Let jelo,.,r} be the largest index st uje Nowse,<y. (Tt exists becavse j=o is an opfion.)
Note that j<r because 'Fr:?u—lL.. so that Noise, = 4.

B)’ moximality of ), M. & Noisey, So 'F&r\ \[‘\3-\-1\'-('\;4:\ (f\‘y\)= 0.
Jorm Fold (£, ) () f Fo\o\\{,:;,olj)(mhho [Here we vse oy Drop £, 81), mye Noiey, & @]
Hence  Fold (f, %) (r\‘wH h.(/u'w) So tha Verifier rejects. B



Soundness Analysis: Case 1 [2/2]

/

.Sulapose, Fhat ? a\dopts o " stratrqy,

TF\M’]S, He interaction randomnese O(Q,d\,...,o(,_\eﬁ 1S Svch Hhad

0 AND - @ e (v core R A
go,gl, veey gf-\ < ‘—:ﬁ (gﬁo Q\wa)(s) FO\A(‘YO/ °<°)-= {:‘ /.,./Ru (fr,u,"(m)a F(
Recall: N
Leﬁ +o prove. claim: Fo\d (3 L fkw]# Fold -F & /*“h] 0 NQ_M §0\QL AL \[‘a(a)g
Q‘SQ’\ = i R A
proof: } ITINFRI )

o Foc every ag/ Noisy Fold({, 0/)(&2)_ E-(c)+ﬁ ; ,(.-ﬁfw—fj(-m , “E. (a)fﬁ ol , ,(.-ﬁw—ﬁ(-w, flall :,og) 3
Henc Fold () and ﬁld({l %) chffec in o mest _L[No‘sal -L& \LA\ & | Lyl locahons on Lis.
Ths \m?\\!.s thet Rm\ Fo\d (R D( bzcowxz -H)o.y dﬂz\— In ot mat &llL\\’”k ,,eltaﬂl |otations

o [oX evary A& Misy; (ie., Hoy# Q(‘V c:k{;(rﬂ)#*\jw) it o it sy et F@Ia/[-/:;,o()')(qz)=ro|d({;,°§)(“\l/
— ~— A
than A (Fld (550, RSCE, L 4]« A (ol (Fe6), oA () = A (Fold (i), Fold ()<
thich means Hat o € Drop($1.8}) [ cavses distortion ],

* W oassumed +hat M€ Noise; and K& Drop('B,o()‘) so we Conclude that
Fad(§; %) ond T\ H{r},o(;) disaaree of i< it [



Soundness Analysis: Case 2 [1/2]

SuPposq Hat ? Jumps 19 X "
That is, Hhe inkrachion  romdomness s, ok, ..o, i €T IS Such Hhod
® R @
A A

i€k, 43 dirlzp (870 chuays) Fieloy.,mS Sic 158 ond Fold(F )t Fi

. . . ) Moist, = for e s il G ac {%(ﬂH@(-M}
lemwar; Ze(veject-12 min 7 1= , 3(p) Recall - {o‘

™ A { _7-£ F } e Fali:= e Li |4 (09 4 Fold (o (@)

prosf: Lot i be He. largest indax Lo whidh Hha abeve holds.
TR means Hhat iy ¢ \_;__/2 So 16?“ and Noise;,, are well-defined.

lokm: 1 FodlinUNoise | i § -2, §(p)| Lproved in nxt glide]
|L'|+|\

Fix oy P € Lo, whidh induces p, pa, -, e

* If iH=0 N Noisey =g se Min < Foulip v Noisery implies that M € Failui and so Ha verifier rejects.

o Tf 1her Hen i, are suth Hhal ¢
®© 8'\“,.*, 8e-1 <€ ‘%_ﬂ AND D Fs\f\@i’f\/’(‘ﬂ)z {\;zw-',&\a ({:;/0(,-,‘)?(5;*
If min 6 Noise,, then Sy 40 Gase | we conclude tha the verifer regeets.
Tf pi e Toiliy theny Uridaly) the wfier mjects. Either way, /XiﬂQFa;\hHUNOiSQW‘ »wrifite njects 1
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Soundness Analysis: Case 2 [2/2]

SuPposq Hat TP Jumps 19 X "
That is, Hhe inkrachion  romdomness s, ok, ..o, i €T IS Such Hhod

® R @

Fi€80),.., (<) dizlp (&,=0 always) Fielogy.,mS Sic = ond Fold () £,
\__Qp, to prove.: c\&\m |F0'~||+\\’ N°'S°m p3 A({’*,\L“ Fol&{‘ o() 2 mu\{_l_,f 6_(/0)3
| G ® © A
fgogf_t Recall - N"'S’fiz{qat‘l Bl 4 it ac fi-o) # {ita)}
Failiz= fae L |l o) £ Fold ;o )(0)

@ It miwe Ly is not in Noisey, Hhen ?’m [ Min) = fin Lpkie). } TE g Foiliv Noisein

I{: /\AH\ G(._i+\ is not in 'lein Nan Q'\’r\ (}A\'h) - Fb\o‘ ({“'/"(‘) ([‘A'w\). than "F\iﬂ (/Ww)= B\J({:i,o(;)(}h\)o

® 14 &> = Han (dve bo no distortion) g (4; &) s S(f) o Yrom RQ[PT Lies d\u]g 71’"'\“”
It &(.28 +huw Fo\ﬂ\((:\,d)jf-igm So they agree in <d/z‘*' 2 |Lin|  locations.

Hanee I-pe b "‘hiL FOMH!l 0(\),L. )¢ Alf \+|’[_, Fold (! ‘/°())+A(F°u”' «/, Told ({1‘ d‘)l""")

= A (.'(lﬂlL\ FQ"" ”I 0(}/*‘ 8 < A (.'(I’F\lL\ FQ"" “I,o(}/"‘ ,ﬁ
W condude that A (finly,, Rld(E &) > Gp-(150)- 122 =



On Distortion for FRI

We treturn to Hhe discwssion of  D{STORTION. ;ﬁ?&‘iﬁ‘&i

distance

c_le__s-\_: For —(::L_ S F and Je_ (O,I) , D\'oF(Q,S)m{o(a(f\A(Fo\d(t,v(),RS[F,L",SJ_.])< 5}.

We wish o prove statumeals  Sedh as:

blockwise

Lot F:L=F ond S:= K(L,08[FL,47). Then g\—LD(EDi—oF(F,(V)'JsE,

Heve S$7€ (0,81 and € (01) can be funcrions of §IF ..

This is prowd Via +wo Stotemints in different maiMQS.

FRL Distortion lemma Lok
Fix [:L2F and ser §:= A(L Q[ L,40).

O small distance case @ § l;ﬁ — :Er“: :o(eDroF({, $ )js Ilifr',\ .
K -
Y L ‘- [ ‘_ \_
® lO\\—ﬂt diskance case: & 3 _iﬁ —eo(igr“: | L e Drop ({, =£) | < Hk

Wl prove @ ond Hen Q.
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A Template Statement

Dictortion is kelated ‘o WORST-VS- AVERAGE-CASE  DISTANCES TO SUBSPACES

mxwn

def: ¢ m-wise interleaving of o w+ ScF": SN2 {A ¢ B | cachvow of A s in S 1.
e column distance A@\(AGWM“, Be ﬁmm)*- /lffach'w\ ok columus at which A ond B diﬁ'er“

TQW\J:\ afe Statement: ot S<F" be o svbspace and Vi,.., Vi € T be vectors.
If V:’-{::‘;' :16 B is such that Bea (VS™)5 8 then f\— [ Alwwr-+rotdin, S)< 8" < £

s%m &

The template soffices to establish FRT distortipn with +Hhe Same & and €:
S . 4 [T+ (-a) _(tlo)-f(-a)
° dQ({‘m‘ S = Rg[ ]T_'L'?] / V"'(]t j )q‘etf‘ / V"'(fa)zj( )a‘etf‘
o claim: o KIELA) € B [Z02],5%)
L(L" [—(c;z: ]eg?-] bQ S\:Cl'\ Hhat Ac,\( -‘\2.:], Sm)"Aco\( :‘\2:] [—y,,;__]) {:0\" Some Vn,Vz eS.
Dekine ’;\ L=2F os .F(A) = Vila )-l-O\Vz("\ Note tHhat fe RS[FL,d] (So AP,RK[H:,L,JJ)s A(\t,t))

and Pt Yoel & Vi) =Vi(0Y and Vela)=Vo(0) Hea \‘-(ahf (o) (5o F]) < A ([Z0], :g',:]))-

o _B— [g(e D|—0‘7 t((*)] _Pr[A(V\-\-O( Vo S)(J ] _'B— [A(O(\Vl“"‘(z.“?.,s)<({ AO(#O]<_B‘ [A(‘le""(z\/z S)((" ]

oy, %y < F ook € [
11



Distortion with Half Distance

We start with o Simplar  statemeqt :

| : L‘l’ SQﬂ:n b e J v n:h b ot Achieves 'I'QMPlo\‘l’Q \gmwma
emma: Q = R QO Suspaca on W, ...Vm € 2 VRCTors, o 8"—_3/1 ad e

¥
IQ Fielm) st Alv;,S)2 8 Haen P [A(ogv.¢...+o(,.\vm,3)< 8/1 ¢ 1 | under o skronger astumption
O IF| (implies Hhat A(-V_, Sw)a ‘S)
P_mg‘. Witheot lost of qererality take =1,

Fix o\\—bi’rmry Xe,..,otm €T and defing Yz ozt t demVin
Suppose by way of contradiction that 1 distinet < ojef and J wuw'eC s

Alotviry,wl< 84 ond  AlW'Vi+y, w')e 4,

Than  A( v, S) = A(ln-a)-v, S) s A( (&-o0')Vi, W-u')
= A ((xVity)- Wvity), w-w')
< ANty w) +A(d vty , W)
< Y+ 8, =8

We conclude thak \fo(,_, - oA e ® .Er L A(o(.v.+~.+«,.\v..\,s)< (% 3 l_1\€\' B
‘ 12



FRI Distortion: Large Distance Case

FRL Distortion lemma — lO\I‘ﬁQ distomce (g6 Regall +hat 'D\'OFUT,S) 18
~ blockuise { e | ARl (E,4) RS L 1)<
Fix {1 L,7  awnd set 812 S(-C,RSE“:/L/(H)' (ng;\gr) | ’ ) }
Fistoace

I{l $5 l_~_i£_ than fr [o(QDNF £ —-’9] |n=|

proof:

We jnvoke e half digtance lemma.
Defing 2
= d < (flo0+fte) < (flo0-fte)

Si= RS[FL ] § ( 2 )&eﬁ‘ “ ( T )&etf‘

Mote that Acol ([Z421, %) > AILRIFL,dI)=5 implies that Jielz] st A,S)> &, because

he Traction o€ clumn errors is at mast Hhe \qrﬂesl— fraction of erroc in o row times the nomirr of rows.

Honce B [ « ¢ Drop (4, L-é,z)]s | [ e Drop (4, %,) | (becowse =88, and ¥t Dropl1,9)= Drggl1,9)

B (A, §) < ] < L
/! o(o(,_e[ff o ]'( 1
F\'ovd 1 shides 092 distertion with k«\“; distance .

(Vle 4 as ‘VZ) 13



FRI Distortion: Small Distance Case

FRT Distortion lemma — small distownce cate Recall Hhat 'D\'OF“:,X ] s
_ blockwise fo( ElA ﬁ\\cl({:,o() RS[PF,Ll,d_] §
Fix {1l and setr §:= A(f,08[F L,d40). e (L;\Er) ' 2 }
Po'\v\'h\'ise
'I ‘_ + distance
FoScizp the B [<eDrplL6) eSam o Fld - T G-

proo}: Let f e RSIFL,d] be +he iniqueclosest codeword bo [ (et &), TF soffies o show

?(a)#fw }
vPa#ia)]

DroP(€,8)={o<e fF'E]&eNoisz(Q): Fo\d(f,o()(a*)aFo\d(f,u)(q‘-)} where  Noise(f) - {aeL

Tndead: * ¥oteNoise\t), Fold (F,x) (o)~ Fold ( E x)(a¥ is o non-ro linear polynomial in o(

- P [xeDroplf,8) 1< 22, B [Fold((-',o() o)=Fold (£, x) (0¥ )< [Noisel®)| - L B —'-

o(e,tF QQNOS ('G) ,Fl

For every acl , if 1t(00=’(\(q) and {f(—a)={3(’a) then , ¥ueT, Fold ([ ) (a") = Fold (E,x)(q")
Honce A(RL)=d implies |, ¥xe B Hhat AlRld(Ex), Fld(§.4) <.

Sinte ¢ L‘zﬁ o ¥xel , ﬁ,d(i,"‘) GRS[T\:,Ll,d/I] is the closest codeword o Fold ) wrt A

ot ¥
We. conclude th « & Droo (f, §) © Voke Noise(f) Fold(§,o) (o) + Fold (f,o0(o)

14
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